We study two species of particles in two dimensions interacting by isotropic short-range potentials with the interspecies potential fine-tuned to a p-wave resonance. Their universal low-energy physics can be extracted by analyzing a properly constructed low-energy effective field theory with the renormalization group method. Consequently, a three-body system consisting of two particles of one species and one of the other is shown to exhibit the super Efimov effect, the emergence of an infinite tower of three-body bound states with orbital angular momentum ℓ = ±1 whose binding energies obey a doubly exponential scaling, when the two particles are heavier than the other by a mass ratio greater than 4.03404 for identical bosons and 2.41421 for identical fermions. With increasing the mass ratio, the super Efimov spectrum becomes denser which would make its experimental observation easier. We also point out that the Born-Oppenheimer approximation is incapable of reproducing the super Efimov effect, the universal low-energy asymptotic scaling of the spectrum.
I. INTRODUCTION
When quantum particles interact by a short-range potential with a scattering length much larger than the potential range, they may form universal bound states whose properties are independent of microscopic physics [1] [2] [3] . Besides universal N -boson bound states in one dimension [4] and in two dimensions [5] , the most remarkable example is the Efimov effect in three dimensions, which predicts the emergence of an infinite tower of three-boson bound states with orbital angular momentum ℓ = 0 whose binding energies obey the universal exponential scaling [6] .
Recently, new few-body universality was discovered at a p-wave resonance in two dimensions [7] , which predicts the emergence of an infinite tower of three-fermion bound states with orbital angular momentum ℓ = ±1 whose binding energies obey the universal doubly exponential scaling E n ∝ exp −2e 3πn/4+θ (1) for sufficiently large n ∈ Z. It is, to the best of our knowledge, the first physics phenomenon exhibiting the doubly exponential scaling similarly to the hyperinflation in economics [8] . This super Efimov effect summarized in Table I stimulated further theoretical studies in the hyperspherical formalism [9, 10] and its mathematical proof was claimed in Ref. [11] . On the other hand, from the experimental perspective, the doubly exponential scaling of the binding energies makes the experimental observation of the super Efimov spectrum challenging.
In this paper, we extend the super Efimov effect to mass-imbalanced systems, motivated by the fact that the usual Efimov spectrum becomes denser with increasing the mass ratio [12, 13] . This advantage recently made it possible to observe up to three Efimov resonances in ultracold atom experiments with a highly mass-imbalanced mixture of 6 Li and 133 Cs [14, 15] . Correspondingly, we shall consider two species of particles in two dimensions interacting by isotropic short-range potentials with the interspecies potential fine-tuned to a p-wave resonance.
We first construct an effective field theory in Sec. II that properly captures universal low-energy physics of the system under consideration. This low-energy effective field theory is then employed in Sec. III to analyze a three-body problem consisting of two particles of one species and one of the other with the renormalization group method. Consequently, such a three-body system is shown to exhibit the super Efimov effect when the two particles are heavier than the other by a mass ratio greater than 4.03404 for identical bosons and 2.41421 for identical fermions. We also find that the super Efimov spectrum indeed becomes denser with increasing the mass ratio which would make its experimental observation easier. Finally, we point out in Sec. IV that the Born-Oppenheimer approximation is incapable of reproducing the super Efimov effect, the universal low-energy asymptotic scaling of the spectrum, and Sec. V is devoted to summary and conclusion of this paper. For readers unfamiliar with our renormalization group analysis of the low-energy effective field theory, an explicit model analysis is also presented in Appendix to confirm the predicted super Efimov effect.
II. LOW-ENERGY EFFECTIVE FIELD THEORY
Two species of particles in two dimensions interacting by isotropic short-range potentials are described by
We assume that the interspecies potential V 12 (r) is finetuned to a p-wave resonance while the intraspecies potentials V 11 (r) and V 22 (r) are not. Below we set = 1 and denote total and reduced masses of the two species by M ≡ m 1 + m 2 and µ ≡ m 1 m 2 /(m 1 + m 2 ), respectively. In order to construct an effective field theory that properly captures universal low-energy physics of the system described by the Hamiltonian (2), low-energy properties of p-wave scattering in two dimensions need to be understood. Potential-independent insights can be obtained from the effective-range expansion for the scattering Tmatrix in a p-wave channel [16] :
Here ε ≡ E − k 2 /(2M ) + i0 + is the collision energy with k being a center-of-mass momentum, p and q are initial and final relative momenta, respectively, while a p is the scattering area, Λ p is the effective momentum, and C n are higher-order shape parameters. In the low-energy limit ε → 0, the scattering T -matrix (3) right at a pwave resonance a p → ∞ reduces to an inspiring form of
We thus find that the last factor iD(k)
has exactly the same form as a propagator of free particle whose mass is M , which indicates that the low-energy limit of the resonant p-wave scattering in two dimensions is always described by a propagation of dimer as depicted in Fig. 1 [17] . Correspondingly, the middle factor (ig
] is interpreted as a p-wave coupling of two scattering particles with the dimer, which has logarithmic energydependence and becomes small toward the low-energy limit ε → 0.
It is then straightforward to write down an effective field theory based on the above low-energy properties of the resonant p-wave scattering in two dimensions, which 
with ∇ ± ≡ ∇ x ± i∇ y . The couplings v ij represent swave components of the interspecies and intraspecies interactions, which generally exist without fine-tunings and contribute to low-energy scatterings. We note that the intraspecies s-wave coupling v 11 (v 22 ) vanishes if the particle ψ 1 (ψ 2 ) obeys the Fermi statistics. The last three terms in the Lagrangian density (5) represent the p-wave component of the interspecies interaction, which is described by a propagation of dimer φ σ with intrinsic angular momentum σ = ±1 as observed above [17] . The interspecies p-wave resonance a p → ∞ is achieved by fine-tuning the bare detuning parameter ε 0 according to the relationship 1/a p = Λ 2 /π − 2ε 0 /(µg 2 ) with Λ being a momentum cutoff.
The low-energy effective field theory is not yet complete because there are marginal three-body and fourbody couplings that can be added to the Lagrangian density (5) [7, 18] . Three-body and four-body scatterings in our low-energy effective description are represented by swave couplings between a particle ψ i and a dimer φ σ and between two dimers, respectively, which are provided by
The three-body couplings u i correspond to the threebody scatterings with total angular momentum ℓ = ±1, while the four-body couplings w and w ′ correspond to the four-body scatterings with ℓ = 0 and ℓ = ±2, respectively. We note that w ′ vanishes if the p-wave dimer φ σ obeys the Fermi statistics. The sum of the above two Lagrangian densities L = L 0 + L ′ now completes the low-energy effective field theory including all marginal couplings (v ij , g, u i , w, w ′ ) consistent with rotation and parity symmetries and the interspecies p-wave resonance, which can be employed to extract universal low-energy physics of the system under consideration (2).
III. RENORMALIZATION GROUP ANALYSIS A. Two-body sector
The effective-range expansion for the scattering Tmatrix indicated that the interspecies p-wave coupling g has logarithmic energy-dependence. This running of the coupling is achieved in the low-energy effective field theory (5) by its renormalization [7, 18] . The Feynman diagram that renormalizes g is depicted in Fig 2(a) and the running of g at a momentum scale κ ≡ e −s Λ is governed by the renormalization group equation:
We thus find that the interspecies p-wave coupling in the low-energy limit s = ln Λ/κ → ∞ indeed becomes small logarithmically as g 2 → π/(2µ 2 s) in agreement with the observation from the effective-range expansion (4) .
Similarly, the interspecies and intraspecies s-wave couplings v ij are renormalized by a type of Feynman diagrams depicted in Fig. 2(b) . The renormalization group equations that govern the running of v ij and their solutions are provided by
for the interspecies coupling and
for the intraspecies couplings assuming the Bose statistics obeyed by the particle ψ i field. Therefore, these s-wave couplings in the low-energy limit s → ∞ also become small logarithmically as v 12 → −π/(µs), v 11 → −2π/(m 1 s), and v 22 → −2π/(m 2 s), all of which turn out to be negative indicating effective repulsion regardless of their initial signs for v ij (0), i.e., attractive or repulsive potentials.
B. Three-body sector
We now turn to the renormalization of the three-body couplings u i in Eq. (6) . Without loss of generality, we focus on the renormalization group flow of u 1 because that of u 2 is simply obtained by the exchange of labels 1 ↔ 2. In addition to the contribution from the wave function renormalization of φ σ field, there are six distinct diagrams that renormalize u 1 as depicted in Fig. 3 . Accordingly, after straightforward calculations [7, 18] , the renormalization group equation that governs the running of u 1 is found to be
where the upper (lower) sign corresponds to the case of bosonic (fermionic) ψ 1 field and
is the reduced mass of a particle of species i and a dimer. Each diagram in Fig. 3 contributes to the (a) second, (b) third, (c) fourth, (d,e) fifth, (f) sixth term in the right hand side of Eq. (11), while its first term originates from the wave function renormalization of φ σ field depicted in Fig. 2(a) . By substituting the low-energy asymptotic forms of the two-body couplings g and v ij obtained from Eqs. (7)- (9), the renormalization group equation (11) can be solved analytically and the three-body coupling u 1 in the lowenergy limit s → ∞ is provided by
Here θ is a non-universal constant depending on initial conditions for g, v ij , and u 1 at a microscopic scale s ∼ 0,
δ ±+ is the universal exponent expressed in terms of m 1 and m 2 as
in the case of bosonic ψ 1 field (upper sign) and
in the case of fermionic ψ 1 field (lower sign). When γ is real, the low-energy asymptotic solution (12) for su 1 is a periodic function of ln s and diverges at ln s n = πn/γ + θ. These divergences in the renormalization group flow of the three-body coupling u 1 indicate the existence of an infinite tower of characteristic energy scales E n ∝ κ 2 n = e −2sn Λ 2 in the three-body system consisting of two particles of species 1 and another particle of species 2 with total angular momentum ℓ = ±1. As was confirmed in Ref. [7] , these energy scales correspond to binding energies of the three particles which leads to the super Efimov spectrum
πn/γ+θ (15) for sufficiently large n ∈ Z. This super Efimov effect emerges when the majority species 1 is heavier than the minority species 2 and the critical mass ratio is found to be m 1 /m 2 = 4.03404 from Eq. (13) when the two particles are identical bosons and m 1 /m 2 = 2.41421 from Eq. (14) when the two particles are identical fermions. In both cases, the universal exponent γ increases monotonously with increasing the mass ratio m 1 /m 2 which makes the super Efimov spectrum (15) denser.
So far we considered the most general case where interspecies and intraspecies s-wave interactions v ij exist when they are possible. For the purpose to examine the Born-Oppenheimer approximation in the succeeding section, it is more convenient to consider the simplest case where all s-wave interactions are artificially switched off. By setting v ij = 0 in the renormalization group equation (11) , the universal exponent γ in the low-energy asymptotic solution (12) for the three-body coupling u 1 is modified into
Because γ is always real without s-wave interactions, the super Efimov effect emerges for any mass ratio m 1 /m 2 .
In particular, the super Efimov spectrum (15) becomes independent of whether the two particles are identical bosons or fermions. The super Efimov effect predicted in this simple case will also be confirmed with an explicit model analysis in Appendix.
C. Four-body sector
We then turn to the renormalization of the four-body couplings w and w ′ in Eq. (6) . In addition to the contribution from the wave function renormalization of φ σ field, there are four distinct diagrams that renormalize w and w ′ as depicted in Fig. 4 . Accordingly, after straightforward calculations [7, 18] , the renormalization group equations that govern the running of w and w ′ are found to be
and
Here the upper (lower) sign in (±1) i corresponds to the case of bosonic (fermionic) ψ i field and Eq. (18) assumes the Bose statistics obeyed by the p-wave dimer φ σ field. Each diagram in Fig. 4 contributes to the (a) second, (b) third, (c) fourth, (d) fifth terms in the right hand sides of Eqs. (17) and (18), while their first terms originate from the wave function renormalization of φ σ field depicted in Fig. 2(a) . While the renormalization group flows of the four-body couplings w and w ′ can be studied numerically [7] , we defer these analyses to a future work. 
IV. BORN-OPPENHEIMER APPROXIMATION
It is well known that the Born-Oppenheimer approximation provides elementary and intuitive understanding of the usual Efimov effect [19] . Therefore, it is worthwhile to examine whether the Born-Oppenheimer approximation is useful as well to understand the super Efimov effect.
In our system under consideration (2), the three-body wave function Ψ(R, r) describing two particles of species 1 located at ±R/2 and another particle of species 2 located at r in the center-of-mass frame satisfies the Schrödinger equation:
where r ± ≡ r±R/2 are interspecies separations and m ≡ 2m 1 m 2 /(2m 1 + m 2 ) reduces to m 2 at a large mass ratio m 1 /m 2 ≫ 1. The Born-Oppenheimer approximation is based on the factorized wave function
where the wave function ϕ(R; r) for the light particle satisfies
with fixed locations of the two heavy particles and the wave function Φ(R) for the two heavy particles in turn satisfies
with an effective potential ε(R) generated by the light particle. Corrections to this Schrödinger equation (22) scale as ∼ 1/m 1 and thus they are usually negligible compared to ε(R) ∼ 1/m 2 at a large mass ratio m 1 /m 2 ≫ 1. For simplicity, we also neglect the intraspecies potential V 11 (R) → 0 and consider only the p-wave component of the interspecies potential V 12 (r).
The Schrödinger equation (21) with the binding energy ε(R) ≡ −κ 2 /(2m 2 ) potentially admits four bound state solutions for the light particle, whose wave functions outside the potential range V 12 (r ± ) → 0 are expressed as
. (24) We note that ϕ
− (R; r)] are even (odd) under the exchange of the two heavy particles R → −R. The interspecies p-wave resonance is achieved by imposing the boundary condition on the light particle wave function ϕ(R; r) ∝ 1/r ± + O(r 3 ± ) at a short distance r ± ∼ 1/Λ ≪ 1/κ, R, which leads to
for ϕ x ± (R; r) and
for ϕ y ± (R; r). Because of K 2 (κR) > K 0 (κR) > 0, these conditions can be satisfied only for ϕ x + (R; r) and ϕ y − (R; r) and their binding energies are found to have the same asymptotic form of
at a large separation RΛ → ∞ between the two heavy particles. We now solve the Schrödinger equation (22) for the two heavy particles whose bound states are most favored for a circularly symmetric wave function Φ(R) where the centrifugal barrier is absent. Because the total wave function (20) has to be symmetric (antisymmetric) under the exchange of the two heavy particles R → −R when they are identical bosons (fermions), only ϕ
is allowed for the light particle wave function ϕ(R; r). Then the Schrödinger equation (22) with the effective potential ε + (R) [ε − (R)] obtained in Eq. (27) leads to an infinite tower of bound states whose binding energies scale as [10, 20] 
for sufficiently large n ∈ Z regardless of whether the two heavy particles are identical bosons or fermions. The resulting spectrum from the Born-Oppenheimer approximation differs from the super Efimov spectrum (15) with the universal exponent (16) at a large mass ratio m 1 /m 2 ≫ 1,
which is the true low-energy asymptotic scaling of the spectrum as was shown in the preceding section. In addition, the Born-Oppenheimer spectrum (28) is nondegenerate with indefinite orbital angular momentum, while the super Efimov spectrum (29) is doubly degenerate with orbital angular momentum ℓ = ±1. Therefore, we conclude that the Born-Oppenheimer approximation for three-body systems with p-wave resonant interactions in two dimensions is incapable of reproducing the true low-energy asymptotic scaling of the spectrum even at a large mass ratio, while it remains possible that the spectrum (28) may appear as an intermediate scaling.
V. SUMMARY AND CONCLUSION
In this paper, we extended the super Efimov effect to mass-imbalanced systems (2) where two species of particles in two dimensions interact by isotropic short-range potentials with the interspecies potential fine-tuned to a p-wave resonance. Their universal low-energy physics can be extracted by analyzing a properly constructed low-energy effective field theory with the renormalization group method [7, 18] . Consequently, a three-body system consisting of two particles of one species and one of the other is shown to exhibit the super Efimov spectrum,
for sufficiently large n ∈ Z, when the two particles are heavier than the other by a mass ratio greater than 4.03404 for identical bosons [see Eq. (13) (14)]. In particular, we found that the universal exponent γ increases monotonously with increasing the mass ratio which makes the super Efimov spectrum denser and thus its experimental observation would become easier with ultracold atoms. For example, a highly mass-imbalanced mixture of 6 Li and 133 Cs with their interspecies p-wave Feshbach resonances being observed [21] has the universal exponent γ ≈ 10.7 which is significantly enhanced compared to γ = 4/3 for three identical fermions [7] .
We also pointed out that the Born-Oppenheimer approximation is incapable of reproducing the super Efimov effect, the universal low-energy asymptotic scaling of the spectrum, even at a large mass ratio for threebody systems with p-wave resonant interactions in two dimensions. The reason for this failure of the BornOppenheimer approximation and the possibility for the resulting spectrum (28) to appear as an intermediate scaling remain to be elucidated in a future work.
ACKNOWLEDGMENTS
We acknowledge many useful discussions with Vitaly Efimov, Dam T. Son, and participants in the INT Program on "Universality in few-body systems: Theoretical challenges and new directions." This work was supported by US DOE Grant Number DE-FG02-97ER-41014 and JSPS KAKENHI Grant Number 25887020.
Appendix: Model confirmation of the super Efimov effect
The above predictions from our renormalization group analysis of the low-energy effective field theory are all strict as well as universal because we do not need to specify the forms of interspecies and intraspecies potentials in the Hamiltonian (2). However, since some readers may be unfamiliar with our approach, we also present an explicit model analysis to confirm the predicted super Efimov effect by extending that in Ref. [7] to mass-imbalanced systems.
For simplicity, we neglect the intraspecies potentials V 11 (r), V 22 (r) → 0 and consider only the p-wave component of the interspecies potential V 12 (r), which is assumed to be in a separable form of
with the p-wave form factor χ ± (p) ≡ (p x ±ip y )e These two coupled integral equations are solved by [7] ζ + (P ) = cos[∓γ(P − λ)], (A.7a) ζ − (P ) = sin[∓γ(P − λ)], (A.7b)
provided that the boundary condition ζ + (η) = ζ − (η) is satisfied. This boundary condition leads to an infinite tower of allowed binding energies λ n = πn/γ + θ with n ∈ Z for any mass ratio m 1 /m 2 regardless of whether the two particles are identical bosons or fermions, which indeed confirms the predicted super Efimov effect (15) . We also solved the two coupled integral equations (A.4) numerically with ℓ = ±1 at mass ratios m 1 /m 2 = 5, 10, 20 and observed that obtained binding energies approach the predicted doubly exponential scaling for each mass ratio.
